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Kpuxkas S1. A. Binbhni JgiBi N-TpuniabnorenTHi Tpioinn. — Ksamidikamiitna
HAyKOBa Ipallsd Ha MpaBax PyKOIUCY.

Huceprariss Ha 3700yTTS HAyKOBOTO CTyIeHsS JokTopa ¢utocodii 3a
cnemianpHicTIO 111 Marematuka (I'any3s 3Hanb 11 Maremarnka Ta CTaTHCTHKA).
I3 «Jlyrancekuii  HamioHaJbHUK  yHiBepcuTeT iMmeHi Tapaca  llleBuenkay,
M. [TonraBa, MiHicTepcTBO OCBITH 1 Hayku YKpainu, 2023.

Jucepraiiitna poboTa MPUCBSIUEHA BUBYEHHIO BUIBHUX alreOp y MHOTOBUJII
TP10i/iB.

BuBueHHs yHiBepcallbHUX anrelp, siki HA3UBAIOTHCS TP10iJlaMHU, 3al0YaTKyBaJIu
K.-JI. JlJone Ta M. O. Ponko. Ili anrebpu Bhepiie 3’SBWIKMCS MiJ 4Yac AOCIIIXKEHb
TepHApHHUX IUTAHAPHUX JiepeB. Tpioil — 1e HEmopoXHS MHOXXHHA 3 TphOoMa
O1HApPHUMHM aCOIIATUBHUMHU OIEPAIlIIMHU, K1 33]JOBOJILHSIOTh JOJJaTKOBI BICIM aKC1OM.
Tpioinu TakoX MOXYTh OyTH BH3HAY€HI 3a JOMOMOrOI0 JIMOHOIIB, BBEACHHUX
XK.-JI. Jlone y xontekcti anreOpaiunoi K -teopii. A came, Tpioin € IIMOHOIZOM,
HaJUIEHUM OIHapHOK acOLIATHBHOIO OINEPALI€l0, IO 3aJ0BOJIBHAE JOJATKOBI ITSITh
akciom. 3a3zHauumo, Mmoo Tpuanreopu, BeaeHi K.-JI. Jlome Ta M. O. Ponko, €
JHIAHUMH aHajJoraMu TPIOiJiB, TOMY PE3yJbTaTH, OTPUMAaHI sl TPIOiAiB, MOXYTh
OyTH 3aCTOCOBAaHHMMH J0 Teopii Tpuairedp. Akio Bci oneparrii Tpioina (Tpuanreopm)
301raroThCsl, TO OTPUMYEMO TOHSTTS HAIMIBIPYNH (ACOLIATUBHOI anredpu), a miJ yac
30iry JBOX KOHKPETHHMX OIepaiiid Tpioina (TpuanreOpu) OTPUMYEMO TOHSTTS
niMoHoina (mianre6pu). Tploinu Ta TpuanreOpu MaroTh TICHI 3B’SI3KM 3 anredpamu
Xomnda, anrebpamu JleiOHila, HexkoMyTaTUBHOIO Bepciero anredp Ilyacona Ta
oneparopamu Pota—bakctepa. 3aBisiku CBOiil akCioMaTHIll TPiOiIy TaKOX IMOB’sI3aHi

3  TakMMHU  aireOpaiuyHuMHM  CTPYKTypamMu K  JIrpynd,  Q -IIMOHOIIH,

JOTIEILHAIIIBIPYIIA Ta N-KpaTHI HAIliBIPYyIIH.
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3HaxO0/KEHHsSI a0COIIOTHO BUIBHHUX CTPYKTYpP 1 BIAHOCHO BIIBHUX CTPYKTYp €

OCHOBHOIO Mpo0JsieMoro abcTpakTHOi anreOpu. CborojiHi T€Oopiss MHOTOBHU/IIB TPiOi/IiB

aKTUBHO PO3BUBAEThCA. Bike BiAOMI KOHCTPYKINI BIIBHOTO TPiOidy, BUIBHOTO

N-HUIBIIOTEHTHOTO  TPiOily, BIUIBHOI MPAMOKYTHOI  TPUCHOJYKH, BLIBHOTO
KOMYTaTHUBHOTO TP10iy, BUILHOTO a0eIeBOro Tpioiay Ta BIIbHOI TPHUCIIOIYKHU.

OO0’ekTOM NOCHTIDKCHHSI TUCEPTAaIlii € BUTbHI JIiB1 (IpaBi) N-TPUHUIBIIOTEHTHI
Tpioigu Ta BUIbHI Tpioigu. IIpeaqmeToM MOCHIIKEHHS € CTPYKTypa Ta BIIACTHUBOCTI
BUIBHUX JBUX (MpaBUX) N-TPUHUIBIOTEHTHUX TPIOiAIB Ta BUIBHHX TpioimiB. Y
nporeci JOCHIDKeHHA OUCePTAliifHOi MPOOJIEeMATHKH 3aCTOCOBYIOTHCS METOIH
anreOpaiuHoi Teopli HAMIBIPYI Ta YHIBEPCAIBbHOI anreOpu.

Y nuceprarii BBemeHO JiBi (mpaBi) N-TPUHUIBIIOTEHTHI TPIiOiAM, SKi €
aHajoramMu JBUX (IIpaBUX) HUIBINOTEHTHHX HAMIBIPYI paHry N, pPO3TISHYTHX
b. M. lllaitHoM, Ta moOymOBaHO BIAbHHMU JiBUH (NIpaBWii) N-TPUHIIBIIOTCHTHUI
TP10iJ JOBUIHHOTO PaHTy.

Sx 3a3Buyaii, N mo3HaYae MHOXHWHY BCiX HaTypaibHHX dYmces. Yepe3 €

NO3HAYMMO CHUrHaTypy Tpioiga. Hexail a,,...,a, — IHOuBIAyanbHl 3MiHHI. Yepes

n
P(ai,...,an) MO3HAYUMO MHOXXHMHY BCiX TepMiB anreOp curHatypu €2, sKi MarOTh
BHUIJISIT & ©;...0, , & 3 PO3CTAHOBKOK IYKOK, 1€ ©,,...,. , € Q. Tpioin (T,-,F,L1)
HA3WBAETHCS JIIBUM TPUHITIOJIBTCHTHHUM, SKIIO TS Aesikoro Ne N, Oyap-skoro aeT
Ta Gyap-skoro p(a,,...,a,)€P(a,,...,a,) MaloTh MiCIie HACTYIIHi TOTOXHOCTI:
p(a.....a,)*a=p(a,....a,), p(a....a,)Fa=at...lFa,

ne *e{H,1}. HaiiMenme cepen Takux N  HA3UBAETHLCA IHIEKCOM  JIBOI
tpunigenoTentHocti Tpioiga (T,,F,L). s K € N miBuit TpuHinenoTeHTHHIA TPioin
3 IHAEKCOM JIiBOI TPUHIIBIIOTEHTHOCTI < K Ha3MBAa€THCS JTiBUM K -TPHHIIBIIOTCHTHUM.

VY o6yme-skomy tpioimi (T,,F, L) maemo p(al,...,an)l—a:ail—...l—anI—a. Orxe,

skiio (T,) € miBOrO HINMBIIOTEHTHOIO HAMIBTPYMOK PAHTy N, TO OTPHUMAEMO TPETIO
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TOTOXKHICTH ~y  BHU3HAQUEHHl JIBOTO  TPUHUIBIIOTEHTHOro  Tpioima. Ilpasi
K -TpHHIIBIIOTEHTHI TPiOiIU BH3HAYAIOTHCS ABOICTUM 4yuHOM. Ormeparii Oyab-S1Koro
JiBoro (mpaBoro) l-TpUHUIBIOTEHTHOTO Tpioifa 30IraloThCsl Ta BiH € HAIIBIPYMOIO
niBux (mpaBux) HyniB. Kmac ycix miBux (TpaBuX) N-TPUHUIBIIOTEHTHUX TPIOiMdiB
YTBOPIOE M1JIMHOTOBUJI MHOTOBUY TpioimiB. Tpioin, SKWi € BUIBHUM Yy MHOTOBH1
JiBUX (MpaBuX) N-TPUHUIBIOTEHTHUX TPIOiMiB, HA3UBAETbCS BIUIBHUM JIIBHM
(mpaBUM) N -TPUHIIBIOTEHTHUM TPIOIIOM.

Hexaii n,keN ta Lc{1,2,...,n}. Baxxaemo, mo L+k={m+k|meL}. dux
L@ mokmamemo L“"={melL|k+m<n}, i mnosHaunmo HaiMeHIIE 4YHCIIO
MHOXMHU L gepe3 L. . Hexail X — noBiibHa HemopoxkHsA MHOXHMHA, F[X] — BiibHa
Hamierpyma Ha X Ta WeF[X]. HdomxuHy cioBa W mo3Haunmo dyepes |, .

n
Bagikcyemo NeN. Skmo |,>n, To yepe3 W MO3HAYMMO IMMOYATKOBE IiJICIOBO

n
TOBXUHHM N cioBa W, 1 sikmo |, <n, To mexait W= w. Buznaunmo onepanii -, - Ta

1 Ha MHOXMHI
V,={(w,L)|weF[X],I,<n Lc{1,2,...,1.}, L=}

34 TaKUMH IIpaBUJIaMU:

(w,L) 4 (u,R) = (WLU, L),

Wk @uRry=] WD <l Ry

(wu, R™" + l,) 6 inwux sunaokax,
(w,L) L (u,R) = (wu,LU(R"" +1,))
s Beix  (W,L), (u,R)eV,. Anre6py (V.,~,F, 1) nosmauumo uepes FT'(X).

JloBeneno, 1o FTn'(X) € BUIBHUM JIBUM N-TPUHUIBIIOTEHTHUM Tpioimom. Okpemo

PO3TSHYTO BUIBHI JiBi (MpaBi) N-TPUHUIBIIOTEHTHI Tpioinu panry 1. BcraHnosneHo,
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10 Tpyna aBTOMOP(i3MiB BUIHHOTO JIBOTO (MPaBOro) N-TPUHUIBIOTEHTHOTO Tpioina
130MOp(dHA CUMETPUYHIN TPYIIL.
OxapakTepu30BaHO HalMEHITY JiBY (MpaBy) N-TPUHUIBIOTEHTHY KOHTPYEHIIIIO
Ha BiJIbHOMY Tpioimi. SIkmio o € kourpyenmiero wa tpioini (T,-,F, L) Takoro, 1o
(T,,+ 1)/ p € niBum (mpaBUM) N-TPUHIIBIIOTEHTHUM TPiOITOM, TO TOBOPHUMO, IO
£ € JiBoto (IIpaBoi0) N-TPUHUIBIOTEHTHOIO KOHTpYyeHIi€w. Busnaunmo oneparii ,
- Ta 1 Ha MHOXXUWHI
F={(w,L)|weF[X],Lc{1,2,....| .}, L=}
3a TpaBUJIAMHU:
(w,L) 4 (u,R) =(wu,L), (w,L)F(u,R)=(wu,R+1,),
(w,L) L (u,R)=(wu,LU(R+1,))
mis Beix (w,L),(u,R)eF. V po6ori A.B.Xyuka moseneno, mo (F,,H 1) €
BiNbHMM TpioinoM. Horo nosnagarots yepes FT(X).

3adikcyemo N e N. Hexait mami

LM = {{n}’ n< I‘min’

{melL|m<n}n>L
st Oyab-skoi Hermopokuboi MuokuHU L <{1,2,...,k} ta K € N. BissmemMo 10BiabHI

ememeratn  (W,L),(U,R)e FT(X). Hus xoxuaoro NeN Bu3Hauumo OiHapHE

Bimnomenns d_ma FT(X) 3a npasmiom:

n n

(w,L)d_(u,R) Toxi i Timeku Tomi, komn =y i L =R"™,

JloBeneHo, 1m0 BiAHOMEHHA d, € HalMEHIIOW JIIBOIO N-TPUHUIBIIOTEHTHOIO

KOHTPYEHIII€r0 Ha BitbHOMY Tpioimi FT (X).

[limpaxoBaHO TOTYXHICTh BUIBHOTO JIBOTrO (IIPaBOro) N-TPUHLIBIOTEHTHOTO
Tpioija B CKIHYEHHOMY BHUMaAKy. OmucaHO BCl 1JEMIOTEHTHI Ta BCl PETYJspHI
€JIEMEHTU BUIBHUX JIBUX (MpaBUX) N-TPUHUIBIIOTEHTHUX TPIOiaiB. 3HAWIEHO BCi

MaKCHMAJIbHI MIATPIOiAM BIIBHUX JIBUX (TIpaBUX) N-TPUHUIBIIOTEHTHUX TPIOidiB
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(n>1). INokazano, 110 BUTBHUH JiBUI N-TPUHIIBIIOTSHTUN TPIOiq MICTUTH MIATPIOIN,
AKUM Moke OyTH TpPEACTaBICHUNW Yy BHUIJISAL JBOI CHOJYKH MiJIIMOHOIMIB.
[TimpaxoBaHO MOTYXKHICTh HAMIBIPynu €HAOMOP(}i3MiB BUIBHOT'O JIIBOTO (IPaBOTO)
N-TPUHUIBIIOTEHTHOTO Tpioia Ta KUIBKICTh BCIX 1IEMIIOTEHTHHX 1 PETyJSIPHUX
€JIEMEHTIB BIUIbHUX JIBUX (MpaBUX) N-TPUHUIBIIOTEHTHUX TPIOIMIB Y CKIHYCHHOMY
BUIIAJIKY.
Pesynbratu nucepranii MOXyTh OyTH 3acTocoBaHi B Teopii TpioimiB Ta
Tpuairedp, Teopii NIMOHOIIIB Ta Alairedp, Teopii HAMIBIPYI, YHIBEpCaIbHIN anreopi.
KitouoBi cioBa: Tpioim, diBUH N-TPUHIIBIOTEHTHUM TPIOid, BUIBHUN JIIBUH
N-TPUHUIBIIOTEHTHUN TPIOil, KOHIPYEHILIs, HaIIBIPyna, MaKCUMalbHUU MIATPIOIL,
PEryJsipHUI €JIEMEHT, 1IEMIIOTEeHTHHUI eJeMEeHT, Tpyrna aBToMOp(]i3MiB, HaIiBrpymna

eHJ0MOP(Pi13MiB, MOTYKHICTb.
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The thesis is devoted to the study of free algebras in the variety of trioids.

J.-L. Loday and M. O. Ronco introduced the study of universal algebras that are
called trioids. Firstly these algebras appeared in the study of ternary planar trees. A
trioid is a nonempty set with three binary associative operations which satisfy the
additional eight axioms. Trioids may be also defined via dimonoids introduced by
J.-L. Loday in the context of algebraic K -theory. Namely, a trioid is a dimonoid
equipped with a binary associative operation which satisfies an additional five
axioms. We should note that trialgebras introduced by J.-L. Loday and M. O. Ronco
are linear analogues of trioids, so the results obtained for trioids can be applied to
trialgebra theory. If all operations of a trioid (trialgebra) coincide, we obtain the
notion of a semigroup (associative algebra), and if two concrete operations of the
trioid (trialgebra) coincide, we obtain the notion of a dimonoid (dialgebra). Trioids
and trialgebras are closely related to Hopf algebras, Leibniz algebras, the
noncommutative version of Poisson algebras, and Rota-Baxter operators. Thanks to
their axiomatics, trioids are also related to such algebraic structures as digroups,
g-dimonoids, doppelsemigroups, and n-tuple semigroups.

Finding absolutely free structures and relatively free structures is a central
problem in abstract algebra. Nowadays the variety theory of trioids is developing
actively. The constructions of a free trioid, a free n-nilpotent trioid, a free rectangular
triband, a free commutative trioid, a free abelian trioid, and a free triband are already

known.
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The object of the research of the thesis is free left (right) n-trinilpotent trioids
and free trioids. The subject of the research is the structure and properties of free left
(right) n-trinilpotent trioids and free trioids. The methods of the algebraic theory of
semigroups and universal algebra are used in the process of researching the thesis
Issues.

In the thesis left (right) n-trinilpotent trioids are introduced, which are analogs
of left (right) nilpotent semigroups of rank n considered by B. M. Schein, and the free
left (right) n-trinilpotent trioid of an arbitrary rank is constructed.

As usual, N denotes the set of all positive integers. By Q we denote the

signature of a trioid. Let a,,...,a, be individual variables. By P(a,,...,a,) we denote
the set of all terms of the signature €, having the form & o,...0 ,a, with
parenthesizing, where o,...,o., €Q. A trioid (T, L) is called left trinilpotent if
forsome neN, any aeT and any p(a,...,a,)eP(a,,...,a,) the following identities
hold:
p(a,....a,)*a=p(a,....a,), p(a....a,)Fa=at...la,

where *e{H, L}. The least such n is called the left trinilpotency index of (T,-,+,1).
For ke N, a left trinilpotent trioid of left trinilpotency index <k is said to be left
k -trinilpotent. In any trioid (T,H, 1), we have p(a,....a,)Fa=at...ra a
Hence, if (T,F) is a left nilpotent semigroup of rank n, we get the third identity in the

definition of a left trinilpotent trioid. Right k -trinilpotent trioids are defined dually.
The operations of any left (right) 1-trinilpotent trioid coincide and it is a left (right)
zero semigroup. The class of all left (right) n-trinilpotent trioids forms a subvariety of
the variety of trioids. A trioid which is free in the variety of left (right) n-trinilpotent
trioids is called a free left (right) n-trinilpotent trioid.

Let n,keN and Lc{1,2,...,n}. We suppose that L+k ={m-+k|me L}. For

L=< we put L“" ={meL|k+m<n}, and denote the least number of the set L by
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L. Let X be an arbitrary nonempty set, let F[X] be the free semigroup on X and

we F[X]. The length of the word w is denoted by I,. Fix neN. If | ,>n, let w

denote the initial subword with the length n of the word w, and if 1, <n, let w=w.
Define operations -4, + and L on the set
V. ={(w,L)|weF[X],I,<n Lc{1,2,...,1 .}, L=}

according to the following rules:

(w,L)4(u,R) = (ﬁ, L),

(W, L) = (U, R) — (WU,{n}), n< Iw + Rmin’

— . .n .
(wu,R™" +1,) 6 inwux sunaokax,

(w,L) L (u,R) = (wu,LU(R"" +1,))
for all (w,L), (u,R)eV,. The algebra (V,,-,-, L) is denoted by FT'(X). It is proved
that FT!(X) is a free left n-trinilpotent trioid. Free left (right) n-trinilpotent trioids of

rank 1 are considered separately. It is established that the automorphism group of the
free left (right) n-trinilpotent trioid is isomorphic to the symmetric group.

The least left (right) n-trinilpotent congruence on the free trioid is
characterized. If p is a congruence on atrioid (T,-,F, L) such that (T,H,F 1)/ p isa
left (right) n-trinilpotent trioid, we say that p is a left (right) n-trinilpotent
congruence.

Define operations -, F and L on the set
F={(w,L)|weF[X],Lc{1,2,...,.I.}, L=}
according to the following rules:
(w,L) 4 (u,R)=(wu,L), (w,L)F(u,R)=(wu,R+1,),
(w,L) L (u,R)=(wu,LU(R+1,))
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for all (w,L),(u,R) e F. In the paper of A. V. Zhuchok it is proved that (F,-,- L) is

the free trioid. It is denoted by FT(X).
Fix ne N. Let further

L(n) — {{n}’ n< I‘min’

{melL|m<n}, n>L .
for any nonempty Lc{1,2,...,k} and keN. Let us take arbitrary elements

(w,L),(u,R) e FT(X). For every neN define a binary relation d_ on FT(X)
according to the rule:
(w,L)d. (u,R) ifandonlyif =, and L®=R®.
It is proved that the relation oTn Is the least left n-trinilpotent congruence on the free
trioid FT(X).
The cardinality of the free left (right) n-trinilpotent trioid in the finite case is
calculated. All idempotent and all regular elements of free left (right) n-trinilpotent

trioids are described. All maximal subtrioids of free left (right) n-trinilpotent trioids

(n>1) are found. It is shown that a free left n-trinilpotent trioid contains a subtrioid,

which can be represented as a left band of subdimonoids. The cardinality of the
endomorphisms semigroup of a free left (right) n-trinilpotent trioid and the number of
all idempotent and regular elements of free left (right) n-trinilpotent trioids in the
finite case are calculated.

The results of the thesis can be applied to the theory of trioids and trialgebras,
the theory of dimonoids and dialgebras, semigroup theory, and universal algebra.

Key words: trioid, left n-trinilpotent trioid, free left n-trinilpotent trioid,
congruence, semigroup, maximal subtrioid, regular element, idempotent element,

automorphism group, endomorphism semigroup, cardinality.



